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Abstract
In the eld of Geometric Modelling, as well as in theoretical physics, 2- and 3-combinatorial
manifolds are often manipulated. Statistics on the cells of these manifolds are necessary in
Geometric Modeling for the complexity analysis of data structures and algorithms dealing with
these manifolds. These statistics are known in the 2D case. We study here the 3D case. We
consider the set of combinatorial manifolds of dimension 3, without boundary, and with a xed
number V of vertices, E of edges, F of faces, and W of volumes (number of cells of dierent
dimensions), and the average number of edges (resp. faces, volumes) by vertex, the average
number of volumes by edge, the average number of vertices by face, and the average number
of vertices (resp. of edges, faces) by volume. These quantities are shown to be sucient to
determine all the other quantities studied in this paper.We give some relations between these
quantities. We give several expressions of the total number of cells, and the distribution of
number of cells in relation with their dimension, with respect to some of these quantities. For
the 3-G-map representations of these manifolds we also express the number of darts with respect
to these quantities. And we add some hypothesis :
H1 : all vertices are orientable and have the same genus G0 (i.e. the dual of each vertex has
a genus G0);
H2 : all volumes are orientable and have the same genus G.
We study the consequences of H1 and H2 on the above relations. Particularly, we obtain a
general Euler formula:
V (1− G0)− E + F −W (1− G) = 0:
At last, we study various particular cases of manifolds without boundary, quite regular, and
their barycentric triangulations. We also show the following experimental law : when one rep-
resents a 3-manifold without boundary by a 3-G-map, the number of darts is about or exactly 6
times the number of cells. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
In the study of the time and space performances of various topological models in
the eld of topologically based modeling statistics are needed for the number of cells
(vertices, edges, faces,...) of the modeled objects. The same need is recurrent in sciences
of nature, see [7, 3]. In [4] (and other papers referenced in it), as in [3], the study
dealt only with topological dimension 2 and the objects are combinatorial manifolds. It
was shown that these performances are dependent, for a given combinatorial manifold
of dimension 2, on the number of cells of dimension i; i = 0; 1; 2 incident or adjacent
to the cells of dimension j; j = 0; 1; 2. In providing an average denition, the only
relevant gure, of performance assessment by means of the number of cells of dierent
dimensions, what are chiey needed are the relations between the number of cells of
dimension 0 (vertices), 1 (edges) and 2 (faces), and the average degree of the vertices
and faces in a combinatorial manifold of dimension 2. The needed statistics are well
known and are recalled in Section 2.
In topologically based geometric modeling, the chief role of the topological structure
is, given one of its cells, to allow access to the cells of a given dimension which are
incident or adjacent to it. For instance, given a vertex, it should allow us to access the
volumes which are incident. The eciency of an access depends on the number of cells
incident to a given cell. For the topological dimension 3, we should be able to access
the j-cells incident to a given i-cell for 06i 6= j63 in time O(n) where n is the number
of j-cells. There are therefore 12 forms of access, because of the 12 incidence relations.
As we shall see in the following sections, 5 parameters are sucient to express the
12 corresponding cell numbers. The performances of a topological structure depend
therefore on these 5 parameters and these alone.
In order to extend the known results for dimension 2 to cover combinatorial mani-
folds of dimension 3, we have to address the general mathematical problem: what are,
in a given combinatorial manifold of dimension 3, the relations existing between the
numbers of cells of dimensions 0, 1, 2 and 3 (which we shall term primary parameters
of the manifold), and the degrees, of all types, of these same cells (termed secondary
parameters of the manifold): the average number of edges, faces and volumes per ver-
tex, the average number of volumes per edge, along with the dual quantities, i.e. the
average number of vertices per face and the average number of vertices, edges and
faces per volume. The situation is appreciably more complicated than in dimension 2,
because of the increase in the number of relations. This study deals with orientable
boundary-less 3-manifolds, for simplication, and can be easily extended to other 3-
manifolds. Section 3 presents some denitions and investigates the nature of these
relations.
A second problem concerns the total number of cells in a given combinatorial mani-
fold of dimension 3, as well as the distribution of the cells according to their size, using
a minimal number of primary and secondary parameters. The total number of cells is
called \complexity" of the manifold by some people in Computational Geometry [5];
it is a measure of the space complexity of some data structures. The same problem
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holds for the number of darts when a 3-manifold is represented by a 3-G-map; it is
also a measure of the space complexity of some data structures. These problems are
the subject of Section 4.
In Section 5, we shall rene the study by taking restrictive hypotheses into con-
sideration. First of all we add a hypothesis which is frequently satised in the case
of embedded manifolds used in a classical way in classical space, usually when the
manifold is in fact a subdivision of this space:
H1: all the vertices are orientable and have the same genus G0 (i.e. the dual volume
of each vertex has a genus G0).
Another frequently satisfyed hypothesis is:
H2: all the volumes are orientable and have the same genus G.
In actual fact, we weaken these hypotheses by replacing the genus by a notion of
an average genus. We study the eect of H1 and H2 on the relations already obtained,
as well as on the number and distribution of the cells. In particular, we show how H1
and H2 in conjunction lead to an extension of the Euler-Poincare formula.
In Section 6, we modify the parametrization, which will highlight, in a way which
will be of some use in Section 7, the results of the preceding sections. We also show
a number of inequalities satised by the parameters in common geometric modeling
situations.
All of these results will be illustrated by specic case-studies in Section 7: subdivi-
sion by cubes, by truncated octahedrons, by rhombic dodecahedrons, by tetrahedrons,
by various cases taken from geology and biology or physics, and then by the barycen-
tric extensions of each of these. The following experimental law will be highlighted:
if a boundary-less 3-manifold is represented by a 3-G-map, then the number of darts
is approximately or exactly 6 times the number of cells; thus, these two numbers are
naturally a measure of the space complexity of a 3-manifold.
There will be a short conclusion to complete the article. Other results and conjectures
are given in [8].
2. A statistical study of the cells of a 2-manifold
Consider a combinatorial manifold W of dimension 2, or 2-manifold, without any
boundaries, with V vertices, E edges, F faces, also called, respectively, cells of dimen-
sion 0, 1, 2 (see e.g. [1]). In practice, this manifold is often associated with a subdivi-
sion of the plane or of a compact surface, but may be dened independently. Whatever
denition is used, what is essential for this paper is that we are considering the com-
binatorial topology of faces assembled edge to edge, where each face is topological
disk. We limit ourselves here to boundary-less 2-manifolds because 2-manifolds with
boundaries can be closed by adding as many faces as there are connected components
to the boundary without changing the numbers of the other cells. For simplication
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and practical use we limit ourselves here to orientable 2-manifolds.
The incidence relations are counted in the following way: each edge of W is con-
sidered incident to exactly 2 faces, and in each face each vertex is considered incident
to exactly two edges: for example, since a loop is usually an edge incident to just
one vertex, it will be counted as doubly incident to this vertex. Moreover, for each
vertex, in order to dene the degree of the vertex, we count as many incident faces
as incident edges; dually, for each face, in order to dene the degree of the face, we
count as many incident vertices as incident edges.
W can be dened by means of a 2-G-map [11, 13], which describes the adjacence
relations of simplexes in the barycentric triangulation of W [1]:
W = (B; 0; 1; 2);
where B is a nite set called the darts of W (darts are the above-mentioned simplexes),
0; 1, and 2 are involutions without xed points such that 0 and 2 are commutative.
An involution is a permutation of B whose square is the identity over B, which is noted
Id; the cycles of an involution are either of length 1, in which case they are called
xed points, or of length 2. The vertices (resp. edges, faces, connected components)
are the orbits of f1; 2g (resp. f0; 2g; f0; 1g; f0; 1; 2g).
Therefore (B; 0; 1) is the 1-G-map whose connected components are the faces of
W .
In the 2-manifold W , assumed connected, we use this notation :
V; E; F , respectively, for the number of vertices, edges, and faces;
Ve and Vf are the average number of edges, and faces incident to a vertex,
Ev, and Ef are the average number of vertices, and faces incident to an edge,
Fv, and Fe are the average number of vertices and edges incident to a face.
We have the following:
Ev = 2 : each edge is incident to two vertices,
Ef = 2 : each edge shares two faces,
Vf = Ve : The number of edges incident to a vertex is the same as the number of
faces incident to the same vertex,
Fs = Fe : The number of edges incident to a face is equal to the number of vertices
incident to that face.
There are therefore two free parameters, Ve and Fe, instead of the 6 above.
A classical lemma on graphs shows that for a graph g with V vertices and E edges,
and where Vei is the number of vertices of degree i on g, the following proposition
holds :
Proposition 2.1. We have the relations:
2E =
P
i; Vei; i:e: Ve = 2E = V:
This lemma is directly applicable to the vertices and edges of a 2-manifold. For
reasons of duality, we also have (Fei is the number of faces of degree i on g):
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Proposition 2.2. We have the relations:
2E =
P
i Fei; i:e: Fe = 2E = F:
Using Euler{Poincare’s formula, we also have, with G the genus of W :
V − E + F = 2− 2G:
Let be G = E; by using Propositions 2.1 and 2.2, we obtain
1
Ve
+
1
Fe
=
1− E
E
+
1
2
:
If we assume a large number of edges E, we have
1
Ve
+
1
Fe
= 1
2
− :
Euler’s formula implies that 066 12 . Let us assume that genus G is low compared
to the number of edges E; this is often the case, although a mechanical part with a lot
of holes in CAD-CAM is modeled with a small E and a big G; we then have  = 0,
and therefore:
1
Ve
+
1
Fe
= 1
2
:
Note that if on the other hand  = 12 , then Ve and Fe both tend towards innity. In
this case we get V + F = 2 : this corresponds to manifolds which have a negligible
number of vertices and faces compared to the number of edges.
For  = 0 the inequality Ve63 implies Fe66, and conversely the inequality Fe>3
implies Ve66; if only those subdivisions where the faces have at least three edges
are taken into account, we have Fe>3 and therefore Ve66. It is to be noted that this
hypothesis is in the practice of geometric modeling not at all restrictive because the
faces of a subdivision which represents the boundary of an object usually have at least
three sides in the case of polyhedrons with plane faces, three or four sides if the faces
are embedded by free-form surfaces. See [8] for a more detailed discussion, and [4]
for applications in Geometric Modeling.
Let V (resp. E; F) be the number of cells of W of dimension 0 (resp. 1; 2); the
total number of cells will be noted Ncel, so we have
Ncel = V + E + F:
This total number of cells is a measure of the space complexity of any data structure
that represents explicitely the cells (with a constant space per cell). Thus, it is called
\complexity" of the manifold by some people in Computational Geometry [5]. If the
manifold is represented by a 2-G-map, then the space complexity is merely its number
of darts B, which is equal to 4E. Note that, for a small genus, by Euler’s formula, B
is close to 2Ncel (see also the \law B = 6Ncel" and the conjecture in Section 7).
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The distribution of the cells of W depending on their size is, by denition, the
following triplet :
D =

V
Ncel
;
E
Ncel
;
F
Ncel

which will be written as
D =
1
Ncel
(V; E; F):
The distribution can be expressed as a function of simply the parameters Fe and Ve.
Proposition 2.3. The distribution of the cells depending on their size and the number
of cells can be expressed in the following ways:
D0 =
V
Ncel

1;
Ve
2
;
Ve
Fe

; Ncel = V

1 +
Ve
2
+
Ve
Fe

;
D1 =
E
Ncel

2
Ve
; 1;
2
Fe

; Ncel = E

1 +
2
Ve
+
2
Fe

;
D2 =
F
Ncel

Fe
Ve
;
Fe
2
; 1

; Ncel = F

1 +
Fe
Ve
+
Fe
2

:
Proof. Elementary, given Propositions 2.1 and 2.2.
Note that expressions D0 and D2 are dual.
If the genus G is known, then by Euler’s formula only one of the parameters Fe
and Ve is needed to express the distribution of the cells.
Examples. For a cube we have V = 8; E = 12; F = 6; G = 0; Fe = 4; Ve = 4, thus the
distribution is (1,2,1), and Ncel = 26. For a tetrahedron we have V = 4; E = 6; F =
4; G = 0; Fe = 3 = Ve, thus the distribution is (1; 32 ; 1), and Ncel = 14. Other examples
are given in Sections 7.2 and 7.3. Note that, in these examples, E is small; thus, they are
not very signicative. For heuristical purposes in the elds of Computational Geometry
or of Geometric Modeling authors use the distribution (1; 3; 2) for triangulations (see
[5]).
3. Basic denitions and relations for 3-manifolds
Consider a combinatorial manifold W of dimension 3, or 3-manifold, without any
boundaries, with V vertices, E edges, F faces and W volumes, also called, respectively,
cells of dimension 0, 1, 2, 3 (see e.g. [1]). In practice, this manifold is often associ-
ated with a subdivision of the conventional space, but may be dened independently.
Whatever denition is used, what is essential for this paper is that we are considering
the combinatorial topology of volumes assembled face to face, where each volume is
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a combinatorial manifold of dimension 2 which is connected, orientable and boundary-
less. We limit ourselves here to boundary-less 3-manifolds because 3-manifolds with
boundaries can be closed by adding as many volumes as there are components con-
nected to the boundary without changing the numbers of the other cells. The set of
volumes of W is a 2-manifold W3. The symbol W 0 denotes the dual manifold of W ,
called the primal of W 0; i.e. the manifold obtained by swapping vertices and volumes,
together with edges and faces. W 03 denotes the dual manifold of W3, i.e. the manifold
obtained by swapping vertices and faces in each volume.
The incidence relations are counted in the following way: each face of W is consid-
ered incident to exactly 2 volumes, and in each volume of W3 the incidence relations
are counted as in Section 2. In each volume of W3, for each vertex, the degree of the
vertex is dened in Section 2, and we count as many incident faces as incident edges;
dually in each volume, for each face, in order to dene the degree of the face, we
count as many incident vertices as incident edges; the same system is adopted dually
for the 3-manifold, to dene for example the degree of an edge. Thus the degree of
a vertex (resp. face) in W is the number of edges incident to this vertex (resp. face);
it is also the number of faces (resp. vertices) incident to this vertex (resp. face) by
counting these incidences with their multiplicity.
W can be dened by means of a 3-G-map [11, 14] which describes the adjacence
relations in the barycentric triangulation of W [1]:
W = (B; 0; 1; 2; 3);
where B is a nite set called the set of darts of W ; 0; 1; 2, and 3 are involutions
without xed points such that 0 and 2 are commutative, as are 0 and 3, and 1 and
3. An involution is a permutation of B whose square is the identity over B, which
is noted Id; the cycles of an involution are either of length 1, in which case they are
called xed points, or of length 2. The vertices (resp. edges, faces, volumes, connected
components) are the orbits of f1; 2; 3g (resp. f0; 2; 3g,f0; 1; 3g,f0; 1; 2g,
f0; 1; 2; 3g).
Therefore we have W3 = (B; 0; 1; 2), the 2-G-map whose connected components
are the volumes of W . The vertices (resp. edges, faces) of W3 are the orbits of
f1; 2g (resp. f0; 2g, f0; 1g). Therefore we have W 0=(B; 3; 2; 10) (resp. W 03 =
(B; 2; 1; 0)), the dual manifold of W (resp. W3). Half of the darts of a vertex of
W3 belong to a cycle of the permutation 12, the other half to a cycle of the same
degree; this degree is the degree of the vertex. Dually, the degree of a face from W3
is the degree of a cycle of the permutation 10. Half of the darts of a face from W
belong to a face from W3 and the other half to another face from W3 of the same
degree; this degree is the degree of the face from W . Using the dual method we obtain
the degree of an edge from W .
In the 2-manifold W3 the results of section 2 hold.
In the 2-manifold W we use this notation:
V; E; F; W respectively for the number of vertices, edges, faces and volumes;
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ek (dually fk) the number of edges (dually faces) of W incident to k volumes
(dually vertices); the notation fk for W avoids confusion with the same notation for
W3;
vi;j;k (dually wi;j;k) the number of vertices (dually volumes) incident to i edges, j
faces and k volumes (dually i vertices, j edges and k faces).
We therefore have the following relations (the summations are extended over the
indices i; j; k):
V =
P
vi;j;k ;
W =
P
wi;j;k ;
E =
P
ei;
F =
P
fi:
Lemma 3.1. We have the relations (the summations are extended over the indices
i; j; k):
(1)
P
i vi;j;k = 2E;
(2)
P
j vi;j;k =
P
j fj;
(3)
P
k vi;j;k =
P
i wi;j;k ;
(4)
P
j wi;j;k =
P
i ei;
(5)
P
k wi;j;k = 2F;
(6)
P
i ei =
P
j fj:
Proof. Evident.
Remark 3.1. Relations (1) and (5) are dual, as are relations (2) and (4); (3) and (6)
are both self-dual.
The parameters of this study are the numbers of the cells of dimensions 0, 1, 2
and 3 of manifold W . We need to study the average numbers of cells of dimension i
incident to the cells of dimension j, a total of 12 parameters; however, as the previous
lemma demonstrated, the number of distinct parameters is more restricted. By taking
into account the set of volumes of W , the average numbers of cells of dimensions 0,
1, 2 and the average degrees of the faces and vertices in these volumes, we can use
the results on 2-manifolds. The same quantities are necessary in the dual W 0 of W .
Denition. The numbers V; E; F; W of manifold W are called the primary parameters.
The secondary parameters of the primal of W are the following quantities, only
dependent on W3:
f =
P
kfk = F , the average number of vertices per face, which is the average degree
of the faces,
Wv =
P
i wi;j;k = W , the average number of vertices per volume,
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We =
P
j wi;j;k = W , the average number of edges per volume,
Wf =
P
k wi;j;k = W , the average number of faces per volume,
v = 2We= Wv, the average degree of the vertices per volume.
We therefore also have f = 2We= Wf.
The secondary parameters of the dual of W are the dual quantities, which are only
dependent on W 03, namely:
e =
P
j ej = E, the average number of volumes per edge, also called average degree
of the edges,
Ve =
P
i vi;j;k = V , the average number of edges per vertex,
Vf =
P
j vi;j;k = V , the average number of faces per vertex,
Vw =
P
k vi;j;k = V , the average number of volumes per vertex,
w = 2Vf = Vw, average degree of the vertices of the dual.
There are therefore 4 primary parameters and 10 secondary parameters, of which 2
are expressed as a function of others. For example, if all the volumes are cubes, we
have: v = 3; f = 4; Wv = 8; We = 12; Wf = 6 ; if these cubes are assembled as in a
paving (tesselation) of the 3D Euclidean space, we have 4 cubes incident to any edge,
so e = 4; 8 cubes incident to any vertex, so Vw = 8; 6 edges incident to any vertex,
so Ve = 6, and 12 faces incident to any vertex, so Vf = 12; in this case, the dual is
equal to the primal. In section 7 we shall see a number of other specic cases.
Lemma 3.1 gives the following relations directly.
Proposition 3.2. We have the relations:
(1) V Ve = 2E;
(2) V Vf = fF;
(3) V Vw = W Wv;
(4) e E = W We;
(5) W Wf = 2F;
(6) e E = fF:
Remark 3.2. When manifold W is represented by a 3-G-map with B darts, we have
B = 4 e E because there are always 4 darts per edge in each volume. For current
implementations of G-maps the number of darts is a measure of the space complexity
of the data structure. The number B of darts can be simply expressed therefore as
dependent on the primary and secondary parameters in dierent ways:
B = 4 e E = 4fF = 4V Vf = 4W We:
Proposition 3.3. The following relations exist between the secondary parameters:
(I1) 2We = fWf;
(I2) 2Vf = e Ve;
(I3) Vf Wv = We Vw:
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Proof. By means of Proposition 3.2, we obtain the following ratios:
V = E = 2 = Ve; V = f = f = Vf; V = W = Wv = Vw;
E = F = f = e; E = W = We = e; F = W = Wf = 2:
I1 is obtained by writing E=F = (E=W )(W=F).
I2 is obtained by writing V=E = (V=F)(F=E).
I3 is obtained by writing (F=V )(V=W ) = (F=E)(E=W ).
Remark 3.3. Identity I1 is only dependent on W3 (and has already been discussed),
I2 only on W 03. I3 is the only one of the three which links the parameters of the primal
with those of the dual.
Identities I1 and I2 are dual, I3 is self-dual. The three are algebraically independent.
Identity I1 is the extension to average quantities of the relation which exists for any
volume: twice the number of edges is equal to the number of faces multiplied by the
average degree of the faces (see Section 2).
We shall say that the three relations of this proposition reduce the number of alge-
braically independent secondary parameters to 5.
Introducing the secondary parameters v and w, the average degrees of the vertices
of the primal and the dual, enables us to express I3 as a relation linking the secondary
parameters of the primal to those of the dual :
Corollary 3.4. We have the relation v = w.
Note that this corollary is also the corollary of a much stronger topological result,
easily obtained with the 3-G-maps: Since the degree of a vertex from the primal W
is the degree of a cycle of the permutation 12, since the degree of a vertex from
the dual W 0 is the degree of a cycle of the permutation 21, since permutation 21
is the inverse of permutation 21 (because 1 and 2 are involutions, so 1221 =
1Id1 = 11 = Id), their cycles are the same, apart from orientation.
4. Distribution of the number of cells
In order to study the performances of the dierent manifold models, or for theoretical
physics purposes, statistics are needed on a set of manifolds. It is always possible to
consider a set of manifolds as being just one with as many connected components as
the cardinal number of the set. It is for this reason that we shall always refer to one
single manifold, W , as was the case in Section 2.
Let V (resp. E,f,W ) be the number of cells of W of dimension 0 (resp. 1, 2, 3);
the total number of cells will be noted Ncel, so we have :
Ncel = V + E + F +W:
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As for 2-manifolds (see Section 2), this total number of cells is a measure of the
space complexity of any data structure that represents explicitely the cells.
The distribution of the cells of W depending on their size is, by denition the
following quadruplet:
D =

V
Ncel
;
E
Ncel
;
F
Ncel
;
W
Ncel

which will be written as
D =
1
Ncel
(V; E; f;W ):
The distribution can be expressed as a function of simply the secondary parameters.
Proposition 4.1. The distribution of the cells depending on their size and the number
of cells can be expressed in the following ways:
D0 =
V
Ncel

1;
Ve
2
;
Vf
f
;
Vf
We

; Ncel = V

1 +
Ve
2
+
Vf
f
+
Vf
We

;
D1 =
E
Ncel

2
Ve
; 1;
e
f
;
e
We

; Ncel = E

1 +
2
Ve
+
e
f
+
e
We

;
D2 =
F
Ncel

f
Vf
;
f
e
; 1;
2
Wf

; Ncel = F

1 +
2
Wf
+
f
Vf
+
f
e

;
D3 =
W
Ncel

We
Vf
;
We
e
;
Wf
2
; 1

; Ncel = W

1 +
Wf
2
+
We
Vf
+
We
e

:
Proof. Elementary, given Proposition 3.2.
Note that expressions D0 and D3 are dual, as are D1 and D2. Note also that this
proposition is useful in that it makes clear that two distributions are identical if they
have, for example by using D0, the same parameter Ve, the same ratio Vf = f and the
same ratio Vf = We. Note last of all that two identical distributions do not entail the
same number of cells, and that two identical distributions with the same number of
cells do not entail the same number of darts in the 3-G-map model.
5. Additional hypotheses
In this section we use explicitly the concept of genus of a connected component of
a combinatorial manifold of dimension 2 and the Euler{Poincare formula (see Section
2). In the following discussion, it is assumed that all the volumes of the 3-manifold W
under consideration are orientable, which is by far the most frequent case in modeling,
particularly in modeling in three-dimensional Euclidean space, and in physics. Note
however that the same can be used to cover non-orientable volumes by using the
extension of the Euler{Poincare formula.
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When a subdivision of three-dimensional Euclidean space is modeled by a 3-manifold,
the dual (volume) of each vertex is of genus 0 [2]. The same is true, as far as we
know, in all the mathematical literature on the subject of 3-manifolds. Take this more
general hypothesis:
H1: the dual of any vertex of W is orientable and of genus G0.
This can be weakened by dening G0 as the average genus of the vertices of W ;
note that if this average genus is zero, then all the vertices are of genus zero.
Proposition 5.1. Hypothese H1 entails the following formulas which are equivalent:
(H 01) 2(1− G0)V = 2E − F f +W Wv;
(H 001) Ve − Vf + Vw = 2(1− G0):
Proof. By applying the Euler{Poincare formula to each vertex of W and by summing
all the vertices, we have
(2− 2G0)V = V Vw − V Vf + V Ve:
The desired result is obtained by applying Proposition 3.2.
With hypothesis H1, the number of algebraically independent secondary parameters
is 4.
A second hypothesis which is frequently satised in modeling and in the mathemat-
ical literature is the following:
H2: all the volumes are orientable and of the same genus G.
This hypothesis is the dual of H1. In practice, it is often satised, with zero G. It
can be weakened by dening G as the average genus of the volumes of W ; note that
if this average genus is zero, then all the volumes are of genus zero.
On the basis of Proposition 5.1, we have, by duality the following.
Proposition 5.2. Hypothesis H2 entails the following formulas which are equivalent:
(H 02) 2 (1− G)W = 2F − E e + V Vw;
(H 002) Wf −We +Wv = 2(1− G):
With H2, the number of algebraically independent secondary parameters is 4.
Let us now turn to the conjunction of hypotheses H1 and H2.
H3: the volumes of W are all orientable and of a given genus G (or of average
genus G); and the volumes of the dual are all orientable and of a given genus G0
(or of an average genus G0).
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Proposition 5.3. If a boundary-less 3-manifold satises hypothesis H3, then we have
the following extension to the Euler{Poincare formula:
(E) V (1− G0)− E + F −W (1− G) = 0:
Proof. Subtract H02 from H01 term by term, which gives
2(1− G0)V − 2(1− G)W = 2E − F f +W Wv − 2F + E e + V Vw:
The result follows by applying Proposition 3.2.
Remark 5.1. The mathematical literature (see [6] for example) only gives this formula,
as far as we are aware, for the cases where G = G0 = 0; this is what we shall call
\the classic Euler formula", that is
V − E + F −W = 0:
Note that the proof of formula (E) is a simple extension of the proof of the classic
Euler formula given in [6].
Remark 5.2. Note in addition that formulas (E) and H02 entail H01:
2(1− G0)V = 2E − F f +W Wv;
a formula which, along with (E) entails H02. The classic Euler identity is therefore
equivalent to H01 and H02 with G = G0 = 0.
Let us look now at H1 in the classical situation where the dual of any vertex is
orientable and of genus 0. In this case, the dual secondary parameters Ve and Wf are
sucient to express the distribution and, together with just one primary parameter, to
express the other primary parameters.
Proposition 5.4. Conjoining hypotheses H1, with G0 = 0; and H2, and positing
r =
1− G −Wf= 2
1− Ve 2 ;
we have
V = r W; E =
r Ve
2
; F =
Wf
2
;
and therefore the distribution
W
Ncel

r;
r Ve
2
;
Wf
2
; 1

:
In particular, the distribution is symmetrical if and only if Ve = Wf and G = 0.
Proof. Elementary in the light of Propositions 5.1, 5.3 and 3.2.
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6. A new formulation and discussion
6.1. Separating the primal from the dual
It might be more practical to express the primary parameters of the primal (resp.
dual) of the 3-manifold W in terms only of the parameters of the 2-manifold W3
(resp. W3), in other words v; f and an average genus of the primal (resp. w; e and
an average genus of the dual); in this way the results given in Section 2 can be used
directly.
Let us rst of all dene the average genus, written G for the primal (resp. G0 for
the dual). It is dened by the following formula:
Wv −We +Wf = 2− 2G (resp: Vw − Vf + Ve = 2− 2G0):
Since each volume of the primal and the dual has a genus, it is enough to sum
Euler’s formula for each volume, as was done to obtain formulas H01 and H02 in
Section 5, to justify calling the average genii G and G0.
This denitional formula, due to the denition v = 2We= Wv and Proposition 3.2, is
equivalent to:
2
v
− 1 + 2
f
=
2− 2G
We

resp:
2
w
− 1 + 2
e
− = 2− 2G
0
Vf

:
Let us posit:
c =
1
v
+
1
f
− 1
2

resp: c0 =
1
w
+
1
e
− 1
2

;
bearing in mind, however, the formula which couples the dual and the primal (corollary
3.4):
v = w:
Parameter c (resp. c0) enables us to express, by means of an elementary calcula-
tion, parameters Wv;We;Wf of the primal (resp. Vf; Ve; Vw of the dual) as a function
of parameters v; f; g of the primal (resp. w; e; G0 of the dual) and thereby all those
quantities which are of interest:
Proposition 6.1. We have the following equalities:
We =
1− G
c

resp: Vf =
1− G0
c0

;
Wf = 2
We
f

resp: Ve = 2
Vf
e

;
Wv = 2
We
v

resp: Vw = 2
Vf
w

:
Proof. Elementary.
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6.2. Inequalities in the conventional case
Let us now examine what we refer to as the conventional case, continuing, in some
way, Section 2. It is usual to consider a subdivision of space with G = G0 = 0; v>3 and
f>3, and dually e>3. This is the case where all the volumes are convex polyhedrons
with plane faces, embedded in Euclidean space. Some examples will be detailed in
Section 7, such as cubes (v = 3; f = 4; e = 4), or tetrahedrons (v = 3; f = 3), or
tetrakaidecahedrons (v = 3; f = 36= 7; e = 3; Wv = 4). According to what has been said
thus far, all the parameters are expressed in terms of v; f; e;We and Vf; we therefore
have the following inequalities over the secondary parameters:
We>6; Vf>6; v66; f66; e66;
We
3
6Wf6
2We
3
;
We
3
6Wv6
2We
3
;
Vf
3
6Ve6
2Vf
3
;
Vf
3
6Vw6
2Vf
3
:
The number of edges per volume, We, and dually the number of faces per vertex,
Vf, can therefore be quite signicant, whereas the numbers v, the average degree of
the vertices in the volumes (which is equal to its dual w), f, the average degree of
the faces in the volumes, and e, the average number of volumes per edge, all remain
between 3 and 6 inclusive.
As far as the number of cells, Ncel, in the conventional case is concerned, Proposition
4.1 allows Ncel to be bounded in a number of ways:
3W6(1 +We=3)W6Ncel6(1 + 5We= 6)W;
3V6(1 + Vf=3)V6Ncel6(1 + 5Vf= 6)V;
2E6Ncel65E;
2F6Ncel65F:
These inequalities enable us to bound the number B of darts in a 3-G-map repre-
sentation, still in the conventional case, in this way
4:8Ncel6B68Ncel;
which leads to the view that the \law B = 6Ncel", that is, B is close to 6 Ncel, remains
reasonably well satised.
7. Specic cases
We turn our attention now to the distribution and number of cells in various specic
cases of boundary-less orientable 3-manifolds with certain regularities and which are
close to the cases encountered in geometric modeling and in physics. The pavings
of R3 are examples of this, the dierence being that there is an innite number of
volumes; we shall therefore study a 3-manifold with the same secondary parameters
but with a nite number of cells. We shall also look at a number of triangulation
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hypotheses, in particular the barycentric subdivision of many subdivisions which will
already have been examined. We shall express the number of cells Ncel as a function
of the number of darts B used to represent the manifold by means of a 3-G-map; we
obtain the following experimental result, called the \law B = 6Ncel": Ncel is close to
B=6. We conjecture that for n-G-maps, Ncel is close to B=n!. The practical importance
of this law is: the total number of cells and the number of darts are equally well space
complexity measures of a 3-manifold.
7.1. Paving by cubes
In a paving of R3 by cubes, we have
 any face has a degree of 4, so f = 4 ;
 any volume has 8 vertices, so Wv = 8 ;
 any volume has 12 edges, so We = 12 ;
 any volume has 6 faces, so Wf = 6 ;
 the degree of any vertex in the volumes is v = 3.
Therefore the genus G of any volume is 0. This is a self-dual subdivision; we
therefore have e = 4; Vw = 8; Vf = 12; Ve = 6; G0 = 0, and the classic Euler formula
is satised.
Take a 3-manifold with a nite number of cells and of the same secondary parameters
as those given above; we shall call this paving by cubes. We therefore have (for
example Proposition 3.2 or 4.1):
E = 3V = F; W = V;
therefore Ncel = 8V , and the distribution
1
8 (1; 3; 3; 1)
which is symmetrical, and even binomial.
If this manifold were represented by a 3-G-map, B darts would be needed, with
B = 48W (see Remark 3.2). The number of cells is therefore expressed as a function
of the number of darts according to the \law B = 6Ncel":
Ncel = B = 6:
7.2. Paving by tetrakeidecahedrons
A tetrakaidecahedron, also called a truncated octahedron, is a polyhedron with a zero
genus, where all the vertices are of degree 3, and whose faces consist of six squares
and eight regular octagons. There are therefore 14 faces, 36 edges and 24 vertices. It
paves R3 such that each edge is incident to 3 volumes and each vertex is incident to
4 volumes; the volumes of the dual are therefore tetrahedrons. These last two gures
are minima for pavings by convex polyhedrons. This paving of the space is known as
\body-centered cubic lattice" [10, 6].
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Take a boundary-less orientable 3-manifold whose volumes are all tetrakaidecahe-
drons arranged as in a paving; we shall term this paving by tetrakaidecahedrons. The
secondary parameters in this case are:
 for the primal,f = 36=7; v = 3; Wf = 14; We = 36; Wv = 24; G = 0 ;
 for the dual, e = 3; Vw = 4 ;
by observing this paving, or by means of the coupling relation between the primal and
the dual, we conclude:
v = 3 = w = 2Vf = Vw, therefore Vf = 6 ;
by observation or through the relation I2, proposition 3.3, we conclude
e = 3 = 2Vf = Ve = 12 = Ve, therefore Ve = 4 ;
whence G0 = 0, and the classic Euler relation is satised.
By means of Propositions 4.1 or 5.4, we obtain Ncel = 26W and the distribution:
1
26 (6; 12; 7; 1):
If this manifold were represented by a 3-G-map, B darts would be needed, where
B = 144W (see Remark 3.2). The number of cells Ncel is then expressed as a function
of the number of darts according to the \law B = 6Ncel":
Ncel =
26
144
B = B = 5:5385 : : : :
7.3. Paving by rhombic dodecahedrons
This paving of the space is known as the \face-centered cubic lattice" [10, 6]. The
rhombic dodecahedron is a polyhedron of zero genus with 8 vertices of degree 3 and
six vertices of degree 4, as well as 12 faces of degree 4. There are therefore 14
vertices and 24 edges. It paves R3 such that each edge is incident to 3 volumes and
each vertex of degree 3 is incident to 4 volumes and each vertex of degree 4 is incident
to 6 volumes.
Take a boundary-less orientable manifold whose volumes are rhombic dodecahe-
drons arranged in a paving; this will be called paving by rhombic dodecahedrons. The
secondary parameters are:
 for the primal, v = 24=7; f = 4; Wf = 12; We = 24; Wv = 14; G = 0 ;
 for the dual, e = 3 ;
we have G0 = 0, whence we conclude Vf = 8; Vw = 14=3 and Ve = 16=3.
We obtain Ncel = 18W and the distribution :
1
18 (3; 8; 6; 1):
If this manifold were represented by a 3-G-map, B darts would be needed, where
B = 96W . The number of cells Ncel can therefore be expressed as a function of the
number of darts according to the \law B = 6Ncel":
Ncel = 316B
= B = 5:333 : : : :
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7.4. Simplicial manifolds
Let us suppose that all of the volumes of a boundary-less orientable subdivision of
R3 are tetrahedrons. In that case we have a boundary-less orientable manifold called
simplicial which satisfys hypotheses H2, with G = 0, and H1 with G0 = 0, thereby
satisfying Euler’s classic formula. The parameters of the primal are:
f = 3; v = 3; Wf = 4; We = 6; Wv = 4:
By means of Proposition 3.2, we have the following relations straight away:
f = 2W and E = V +W:
The relations between the secondary parameters of the dual are:
 By Proposition 3.3: 2Vf = 3Vw = e Ve ;
 By Proposition 5.1: Ve − Vf + Vw = 2.
It is therefore possible to express any secondary parameter of the dual as a function
of just one other; taking Ve, we have
e = 6

1− 2
Ve

; Vf = 3(Ve − 2); Vw = 2(Ve − 2):
By means of Proposition 5.4 we obtain the distribution of the number of cells as
a function of a primary parameter, for example W , and of Ve as the only secondary
parameter; the distribution is
W = Ncel

2
Ve − 2 ; 1 +
2
Ve − 2 ; 2; 1

and the number of cells is
Ncel = 4W
Ve − 1
Ve − 2 :
For Ve = 14, we have, as is to be expected, the dual distribution of that found in
Section 7.2.
If this manifold were represented by a 3-G-map, B darts would be needed, with
B = 24W . The number of cells Ncel can then be expressed as a function of the
number of darts according to the formula:
Ncel =
Ve − 1
Ve − 2
B
6
:
It can be seen, then, that the higher the value of Ve, the better the \law B = 6Ncel"
is satised.
Since the volumes are simplexes, we have Ve>3; we only have Ve = 3 if all the
vertices are incident to two volumes, something which does not happen in practice. As
a result, we have 26e66, the second inequality being notable in the sense that it is
not intuitively predictable. We also have Vf>3 et Vw>2.
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7.5. A case in geology
In the modeling of geological layer [9], it is practically only the cases where e = 4 et
G = G0 = 0 which are encountered. We therefore have v < 4, and Vf = 4v=(4− v) =
2Ve, as well as Vw = 8=(4−v). We have v>3, so Vw>8; Vw gets bigger as v approaches
4; Vw gets closer to 8 as v approaches 3. In geological modeling, it is often the case
that Vw is close to 8 and v is close to 3.
7.6. A case in biology and in physics
In the modeling of cells or biological organs of rather soft matter, the energetic
stability argument put forward in [7] (see also [3]) demonstrates that it is very rare
to encounter cases where e 6= 3 and Vw 6= 4. Let us suppose that we have practically
G = G0 = 0. In that case we have the dual of a simplicial manifold, because
f = 3; Vf = 6; Ve = 4;
and all the results presented in Section 7.4 are valid, after a duality transformation.
7.7. Barycentric extensions
7.7.1. Denitions and general properties
If W is a 3-manifold, we shall note by means of Bar(W) and call barycentric ex-
tension of W the 3-manifold obtained by the following construction [Ago76] [Lie90]:
 a vertex of Bar(W) is associated with every cell of W ,
 to a quadruplet consisting of a volume of W , of one face of this volume, of one
edge of this face, and of one vertex of this edge, we associate a tetrahedron from
Bar(W), dened by these four vertices and whose edges can be deduced canonically.
Every cell of W is thus triangulated, and all the cells of Bar(W) are simplexes.
Because the volumes of Bar(W) are simplexes, the results of Section 7.4 are applicable.
In this section, the parameters of W are written as previously, and the parameters
of Bar(W) are primed systematically on the basis of W . Thus, V 0; E0; F 0; W 0 are,
respectively, the numbers of cells of dimensions 0, 1, 2, 3 in Bar(W). By construction,
we have the following equality:
V 0 = V + E + F +W = Ncel:
Barycentric extension of a volume, as is well known, does not aect the genus.
Therefore if G (resp. G0) is the average genus of W (resp. W 0), then G (resp. G0) is
the average genus of Bar(W) (resp. Bar(W 0)); the extension (E) of Euler{Poincare’s
formula then becomes:
V (1− G0)− E + F −W (1− G) = 0 = V 0(1− G0)− E0 + F 0 −W 0(1− G):
We shall now turn to a study of the barycentric extension of the manifolds in the
previous sections, and the iteration of this construction.
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7.7.2. Barycentric extension of a paving by cubes
Let W be a paving by cubes from Section 7.1. By construction of Bar(W) we have,
in addition to the previous relations with G = G0 = 0,
E0 = 2E + 8F + 26W;
F 0 = 8F + (48 + 24)W;
W 0 = 48W;
two of which are in fact redundant.
Given results of Section 7.1 we obtain the distribution 126 (1; 7; 12; 6) and N
0
cel =
26
6 W
0. And the \law B = 6Ncel" is satised.
The following unexpected result is therefore obtained: the distribution is the dual
of that of a paving by tetrakaidecahedrons. Unexpected, because this dual manifold
is regular, whereas the barycentric extension under consideration is not. Unexpected
also because a geometric proof remains to be found. An accurate calculation of the
secondary parameters of Bar(W) gives exactly the same results as those of the dual
of a paving by tetrakaidecahedrons.
7.7.3. Barycentric extension of a paving by tetrakaidecahedrons
Let W be a paving by tetrakaidecahedrons from Section 7.2. Let us use the notation
f4 (resp. f6) for the number of faces of degree 4 (resp. 6) in W . We have the
relations:
f4 + f6 = F and 4f4 + 6f6 = 3E:
By construction of Bar(W) we have, in addition to the relations noted in Section 7.5.1
with G = G0 = 0,
E0 = 2E + 2(4f4 + 6f6) + (14 + 36 + 24)W = 8E + 74W;
F 0 = 2(4f4 + 6f6) + (36 + 24 + 48)2W = 6E + 216W;
V 0 = (24 + 48)2W = 144W;
two of which are in fact redundant.
Given results of Section 7.2 we obtain the distribution 1=628(26; 170; 288; 144),
N 0cel = 628W = 144 = 24  628B =144 = B0=5:503 and the \law B = 6Ncel" is once
again satised.
A more accurate calculation gives the following secondary parameters:
Vw =
4  144
26
= 22:154; Vf = 6  14426
= 33:231; Ve = 33026
= 13:077;
e=
288
55
= 5:238:
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7.7.4. Barycentric extension of a simplicial manifold
Take the barycentric extension Bar(W) of a simplicial manifold W as set out in
Section 7.4. It was seen that just one secondary parameter of the dual was enough to
express all the others, e.g. Ve, as in Section 7.4. For W we have the relations
F = 2W; V =
2W
Ve − 2 ; E = 1 +
2
Ve − 2W:
By direct inspection, we have, for Bar(W)
V 0 = V + E + F +W;
E0 = 2E + 6F + (4 + 6 + 4)W;
F 0 = 12F + 24W;
W 0 = 24W:
By means of a simple calculation we obtain, as a function of Ve, the distribution
W
N 0cel

1 + 1=(Ve − 2)
6
;
7 + 1=(Ve − 2)
6
; 2; 1

as well as
N 0cel =

13 +
1
Ve − 2

W 0
3
;
V 0e = 14−
12
Ve − 1 :
It can therefore be deduced that whatever the value of Ve; V 0e is always in the gap
between [8, 14].
8. Conclusion
We have demonstrated the relations which exist in the case of a boundary-less ori-
entable 3-manifold between the secondary parameters (average numbers of cells of
dimension i incident to cells of dimension j), and between the numbers of cells of a
given dimension and these secondary parameters; and we have then showed the use
of restrictive hypotheses concerning the genus of the volumes and the genus of the
volumes in the dual. We have rened the study for the common cases in topologically
based modeling and in physics. Lastly we studied a number of fairly regular specic
cases with some accuracy.
Other specic cases could be taken up. For example, given a 3-manifold whose
parameters are supposed to be known, it might be interesting to look at the parameters
of the manifold obtained by triangulating all its faces. The techniques which we have
presented here would enable this to be done easily. Another example used in geometric
modeling concerns a subdivision of the conventional three-dimensional space where all
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the volumes are of genus 0, all the vertices are of degree 3 and where all the faces
are of degree 5 (there must be 12 of them ) or 6.
Other problems come to mind. An extension to n-manifolds has been envisaged here,
and some conjecture made on that point. The possibility of an extension to n-manifolds
of the Euler{Poincare formula, in the case of any genii for the primal and the dual,
remains open.
The logical continuation of this study, however, is one relating to the performances
of the essential algorithms in the data structures used in topologically based modeling
for 3-manifolds.This work is in progress.
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